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Table1 Derivatives of eigenexponents

Analytic Present Lu and Murthy’s
Eigenexponent solution method method?
A 1 1 1+i
Ab +i +i +i

Obviously, the principaleigenexponentsand the eigenvectorcom-
plete sets of K are

r=a=ib, R=L=1I
Hence,
cosat -e~"  bsinat - e
T
Vo= —% sinat -’ cosat - €'
cosat - e —bsinat - e~
vo= % sinat - €' cosat - e”'

By calculation, we have

T
/ vlTA.aul dt =141,
0

T
\/V;A.auzdl‘zl—i,
0

1 [T

—/ vlTA.buldt:i,
rJ,

[T

T _ .

?/ VoA puy dt = —i,
0

Thus, we obtain Table 1.

Obviously, when the period 7 depends on the parameter to be
investigated,Lu and Murthy’s method for computing the derivatives
of eigenexponents is not applicable. As for the derivatives of the
periodic modal matrices, by making use of the analytical method
and the present formulas, respectively, we would obtain the same
results, as follows:
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—%[xz — AR ]T, =i
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1
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b? b
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b ——sinat - ' 0
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According to Eq. (22), where H, = VU ,,
H,=V'U,

Conclusions
This Note establisheda key theorem to show that the derivative of
a periodic function with respectto the system parameter is generally
no longer a periodic function when the period T is dependent on
this parameter. A new procedure used to determine the constant

¢ in Eq. (35) has been suggested; it substituted for the periodicity
condition given by Eq. (27b) in Ref. 2 during T, # 0.

The present generalization preserved all of the advantages of the
direct analytical approach, and its effectiveness was demonstrated
by an example.
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I. Introduction

ECAUSE of the mismatch of the elastic properties between

plies, serious stress concentrationksingularity happens near the
freeedges of compositelaminates,requiring fully three-dimensional
stress field modeling. The interlaminar stresses at free edges may
cause delamination and laminate failure. Thus, the determination
of these stresses is an important issue in the strength analysis and
design of laminates.

Exactelasticity solutions for interlaminarstresses with free edges
do not exist, and researchers have used analytical and numerical
methods. However, accurate and efficient methods that satisfy all of
the boundary and interface continuity conditions are rare.

After Spilker and Chou' demonstrated the importance of satis-
fying the traction-free conditions at the edges, stress-based meth-
ods were proposed. These methods divide stress functions into in-
plane and out-of-plane functions. With appropriate stress function
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assumptions, the interlaminar stresses at free edges have been cal-
culated. Kassapoglou and Lagace? determined the stresses on the
basis of the integrated form of the force and moment equilibriums.
However, they assumed that in-plane stresses are constant through
the thickness in each ply. The results do not satisfy the pointwise
traction-free conditions through the thickness at free edges. Thus,
the accuracy of predicted stresses in the out-of-planedirection can-
not be guaranteed from this method. Yin®* used piecewise polyno-
mial approximations for the out-of-plane stress functions, and the
stresses satisfy the free-edge boundary conditions in the pointwise
sense.

Recently, Flanagan® proposed an alternative efficient method in
which the out-of-plane stress functions were assumed to be the so-
lutions of the free vibration of a clamped-clamped beam. The stress
functions given by his approach did not satisfy displacement conti-
nuity conditions at the ply interfaces. Thus, the out-of-plane stress
distributions are not predicted accurately, and the oscillations ap-
pear. In addition, his results cannot recover the classical lamination
theory (CLT) solution in the interior of laminates.

In the present study the interlaminar stresses at the free edges
in composite laminates are analyzed. The extended Kantorovich
method by Kerr® is used to predict the accurate stress functions. The
Leknitskii stress functions’ are adopted to divide interlaminar stress
expressionsinto the in-plane and out-of-plane coordinate functions.
Under the principle of complementary minimum energy through
eigenproblem, the in-plane and out-of-plane stress functions are
improved through iteration.

II. Formulation

The geometry of a composite laminate with free edges is given
in Fig. 1. The thickness of each ply is the same, and the plies have
arbitrary angles relative to the x axis. The laminate is subjected to
a mechanical uniaxial extension.

For the given geometric configuration of laminates, the boundary
conditions at the free edge and the surfaces of the top and bottom
faces are given in Eq. (1):

oy =04=0=0 at y=20,b
1
o3 =04=05=0 at z==%h/2

The laminate is assumed to be in a state of generalized plane
strain in the x coordinate. From this assumption and constitutive
equations, all of the strains can be expressed in terms of €;:

€; :Sij0j+(si1/S11)€1 (i,j=2,3,...,6) 2)
where §,-, =S;; — (8:181;/511) and §;; are the components of the
transformed compliance matrix.

The coordinates are nondimensionalizedas follows:

n=z/h, E=y/h (3)

Leknitskii stress functions are introduced to satisty the pointwise
equilibrium automatically. The interlaminar stress functions can be
divided into the in-plane and out-of-plane functions:
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Fig. 1 Geometry of composite laminate with free edge.
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Fig.2 Schematic procedure by the present method.

where

F=)" fi©am, W= piE)eln

i=1 i=1

The extended Kantorovich method is used to improve in-plane
and out-of-plane stress functions through iteration. The schematic
procedure is shown in Fig. 2.

First Process: Calculation of In-Plane Stress Functions
from Initial Assumption
The in-plane stress functions are determined from the initially
assumed basis set of the out-of-plane stress functions. The out-of-
plane functions must satisfy the traction-free conditions at the top
and bottom surfaces in composite laminates. If the stress functions
and their first derivatives are zero in those regions, the preceding
conditions are satisfied. The out-of-plane functions g; (1) are as-
sumed as eigenmodes of a clamped-clamped beam per Flanagan 3
From the assumed out-of-plane stress functions and the principle
of complementary minimum energy, the in-plane stress functions
are derived:

SU://G,-SU,-ddeZO

In Eq. (5) the strains are substituted from Eq. (2). Using Eq. (4),
the stresses are expressedin terms of f; and g;. Equation (5) can be
expressed as follows after integration by parts:

i=23,...,6) (5)

) 2 ©0) ) ©0)
/[aij [V Aal T +a £+ b5 pl b5 p; +r,-]6f,- dg

o Ty v n sy s san g =o
(,j=12,....,n) (6)

where (7, 5,) = [€,[(S12/S11), (Si6/S11)1g!" dn. The detailed ex-
pressions of the coefficients a[.(f), b[.(f), c[.(f), and d[.(jk) are omitted here
because of limited space. The boundary terms induced by integra-
tion by parts are eliminated from the condition that g; and g/ are

zero at the top and bottom surfaces.
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After solving the coupled ordinary differential equations givenin
Eq. (6), the interlaminar stresses are obtained by the relationships
givenin Eq. (4):

o = [v]t;e ™+ D] gl (), o3 = 22v] e g ()

o4 = Ajvl:;t e Mt gl (), os = Afitie el () (7)

06 = [%@Ufﬁ]g + P,-(P)] g,-”(n)

i=1,2...,n) (j=1,2,...,3n)

The detailed derivation can be found in Ref. 5.

Second Process: Improvement of Out-of-Plane Stress Functions

The preceding process provides accurate prediction of in-plane
stresses (Fig. 3a), but it produces undesirable oscillationsin the out-
of-plane stresses that are denoted by Flanagan’s solution (Fig. 3b).
The CLT solutionscannotbe recoveredin the interiorregion (Fig. 4).
Thus, the one-step processis not adequatefor the accurateprediction
of the interlaminar stresses.

The extended Kantorovich method is applied to improve the in-
terlaminar stress predictions. By assuming the layer-dependentout-
of-plane stress functions in each layer and reapplying the principle
of complementary minimum energy, the out-of-plane functions can
be improved.

The in-plane stress functions determined from the first process
are substituted into the complementary energy density functions.
The partial differentiationof g; is carried out. Because g; is defined
for each layer, the compatibility equationsare also obtained in terms
of g( ) for each layer:

_ @k " @k 0"
‘SU_/[’“U 8 Tmye;
+m[.(?)(k)g;.k) + ngk)]égi(k) dp+A=0

k=1,2...,N) (,j=1,2,....,n) (8)
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where
) =/[§§§’f,-f, S (fips + pif) + S pip;] d
(2)(k) Qk) N3}
t_[ /{[2S23 +S44]fi1fj1
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A means boundary terms induced from integrationby parts, and the
superscriptk refers to the kth ply in the laminate.

The homogeneous solutions of g’ are assumed to be the expo-
nential functions with the eigenvalues 1 ®:

gi(k) (k)eu n ©)

Substituting Eq. (9) into Eq. (8), the following equations are
obtained:

0)(k) gk 2)(k 2 @k H(k
m0®y g<>+[ ()()-I—M(k)mfj)()]vf ® _ o

> 11
M(k) U;’(k) _ U;’ (k) =0 (10)

(k=1,2,...,N) (,j=1,2,...,n)

- . 2 S
The positive as well as negative roots of u®~ are chosen in this
process, and the homogeneous solutions are constructed by the 4n
linear combinations:

(k)
gD = s b;k) o

k=12,....,.N) (i=12,....,n) (j=1,2,...,4n) (11
where b5 are variables to be decided from the boundary and con-
tinuity conditions.

The partlcular solutions g; are calculated from the assump-
tion that g (n)s are constantsin Eq. (8).

The out- of—plane stress functions are given as follows:

(k) (P)

(k) (k) (H) (k)(P)
8 =8 +8;

k=12,....,.N) (i=12,...,n) (12)

The variables b;s are determined from the two conditions. First,
the out-of-plane stress functions and their first derivatives are zero
at the top and bottom surfaces. Second, the boundary terms caused
by the integration by parts in Eq. (8) must be zero.
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Accordingly, the final interlaminar stresses calculated by the sec-
ond process are given as follows:

_ W2 gtk k) 1
(ep] —fi(g)l:/"j U,‘j bj e’

(k)
_ Il g(k) g (k) i (k) (P)
03 = J; (5)[1),'1' bj e’ & ]

Oy

. ® gk 00 1
(13)

(k)
(k) ) g(k) p (k) i n
s —p,-’(é)[uj v, b et ]

(k)
— I g(k)y (k) pin (k)(P)
O = p,‘ (5)[1),'1' bj e’ +g,' ]

(i=12,...,n) (j=1,2,...,4n)

Third Process: Improvement of In-Plane Stress Functions

The second process eliminated the oscillation of the out-of-plane
stress distributions (Fig. 3b). In addition, it recovered the CLT so-
lutions in the interior domain (Fig. 4). However, the interlaminar
stresses obtained by the second process still show some oscillations
in the in-plane direction as n increases (Fig. 3a).

The iteration process is continued to eliminate these unwanted
oscillations. The third iteration procedureis same as that of the first
process, except that the out-of-plane stress functions are chosen
from the second process.

Further improvement of out-of-plane stress function can be ob-
tained through processes similar to the second process. In-plane
stress functioncan be improved by a process similar to the third one.

III. Numerical Results
For verification, composite laminates are analyzed for various
layup configurations. The material properties of a ply are given as
follows:

E, =20 x 10° psi, E,=E; =2.1x 10°psi

G, = G3 = Gy =0.85 x 10° psi
Vip = Vi3 = V3 = 021

The in-plane length b is assumed to be 2A.

To examine convergence, four iterations were completed. The
second and fourth processes generated stress oscillations along the
in-planedirection. The first and third processes generated the fluctu-
ation of stresses through the thickness. However, these oscillations
decreasedrapidly upon further iteration. Through numerical exam-
ples the interlaminarstresses almost converge to the expected values
with only the two-time iteration process (Fig. 3a).

The results in all of the figures after Fig. 3a are obtained with
three-timeiterationswithn = 8. The in-plane and out-of-planestress
distributionsare given, and they are compared with previousresults.
In the figures, Flanagan’s results are equivalentto those of the first
process.

Uniaxial Tension

Figure 3a shows the o3 distribution at the 0/90 interface of the
[0/90]5 laminate under €, . The plot shows the results as the iteration
continues. The result of the third process converges to a consistent
value and agrees with Flanagan’s results except at the free edge. As
mentionedin the precedingsection, the resultobtainedby the second
process oscillates. The peak stress at the free edge is significantly
improved by the present method. The distribution of o3 at the free
edge in the [0/90]s laminate is shown in Fig. 3b. For comparison
Sandhu’s result® is shown as well. Sandhu’s result was obtained by
the finite element method using 288 continuous traction elements.
The new resultsagree with those of Sandhu, and the stress singularity
at the interface is predicted well.

The distribution of o, at the interior of the [45/—45/0/90]s
laminate (Fig. 4) shows that the present method recovers the CLT
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: ™
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Fig.5 o5 distribution at the free edge of [45/— 45/0/90]s laminate for
various numbers of stress functions under €;.

solutionexactly withoutany oscillation,whereas Flanagan’s method
does not.

Interlaminar Stresses for Various Numbers of Stress Base Functions

The precedingresults were obtained for n = 8. They provide very
accurate interlaminar stress predictions. Even for a smaller number
of stress base functions,convergentsolutions can be obtained within
three iterations.

Figure 5 shows the interlaminar shear stress o5 along the in-plane
and out-of-plane directions after three different iterations. In the
case of n =2, the interlaminar stresses are close to those of n =8
in the interior zones. However, near the free edges interlaminar
stresses in the case of n =2 are less accurate than those of n =8.
The analysis with a small number of base functions (n =2) offers
computational efficiency and accuracy comparable to those of the
previously reported results.>*> For the accurate stress predictions
a large number of initial stress base functions is required (n = 8).
However, for reasonable stress predictions,a small number of stress
base functions (n = 2) is sufficient.

IV. Conclusions

The interlaminar stresses near free edges in composite laminates
have been analyzed by the extended Kantorovich method. Through
the iteration process the accurate interlaminar stresses are obtained.
The high stress gradient at the free edge correlated well with the
previous results, and the position of maximum stress was predicted
accurately. The CLT solution was recovered at the interior of lam-
inates. Therefore, the new method accurately predicts the stress
distributions over the whole domain of laminates.

In the given numerical examples, four time iterations were per-
formed. However, the calculation process is not complicated be-
cause it requires only two iterative steps that consist of a process to
calculate the out-of-plane stress functions from in-plane functions
and vice versa.

Numerical examples demonstrated that the present method pro-
vides reliable prediction of free-edge interlaminar stresses for vari-
ous layup configurations under extensional loadings.
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Introduction

ITH the extensive application of composite materials and

energy-dissipative devices in engineering structures, dy-
namic analyses of nonclassically damped systems are now fre-
quently found. For damped systems, Foss! has proposed what
is commonly known as the complex mode theory. Caughey and
O’Kelly,? Liu and Wilson,® and Caughey and Ma* have given the
conditions under which the damped systems can be decoupled with
the real modes in physical space or configuration space. In prac-
tice, the verification of those conditions is often prohibitive due to
the size of the problem and numerical difficulty. Thus, in general,
the use of complex modes theory in state space is the practice. The
complex mode theory is actually based on Jordan decomposition,
where numerical difficulties arise under defectivenessconditions 3¢
Zheng et al.” and Ren and Zheng®® proposed the quasidecoupling
technique, which is based on real Schur’s decompositioninstead of
onJordan’s decomposition. Distinctive to the complex mode theory,
the quasidecouplingapproach involves only orthogonal operations,
indiscriminately applied to defective and nondefective systems and
uses only one side of the invariant space. The difference between
Jordan’s decompositionand Schur’s decompositionlies in the adop-
tion of the bases of the invariant subspace. The adoption of complex
eigenvectorsresults in the complex mode theory with the diagonal
form or Jordan form (defective cases) as the canonical form. On
the other hand, the adoption of the real Schur vectors results in the
quasidecouplingapproach, with the real Schur form as the canonical
form.
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Following decades of development,the mode synthesistechnique
is now widely used in engineering applications, with its theoretical
foundation solidly established. The mode synthesis technique for
nonproportionallyor nonclassically damped systems has also been
developed by many researchers'®~'2 and may generally be classi-
fied into two categories: those that use real modes and those that use
complex modes. Ithas been agreed that, if real modes are used in the
synthesis, off-diagonalelements of the transformed damping should
be reserved for better damping synthesis.'” When using the com-
plex mode synthesis in state space, the effects of the off-diagonal
elements in the real mode case are automatically taken into con-
sideration because of the biorthogonality of the complex constraint
dynamic modes. From the present understanding of the principles
of mode synthesis, it is the subspace spanned by the modes used
in the synthesis that is of the essence, not the modes themselves.
Based on these arguments, whereas the complex modes were used
in the mode synthesis technique, the real Schur vectors spanning
the same invariant subspace can be used in replacement. This Note
tries to use the real Schur vectors in the mode synthesis technique
for nonclassicallydamped systems. For conciseness and because of
limitations on the size of this Note, the work is carried out in the
fixed interface method.

Substructure Analysis with Arnoldi Reduction
and the Real Schur Decomposition
The proposed component mode synthesis is illustrated with two
substructures. The governing equation of the damped substructures
can be written as

[ma mi| |:xi| [ca c?.i| |:xi|
S | P D |
My M4 LY i Cd LY
ko kT £ 0
+[kf kaH }:[ ol L v
okl Lx fi @ fia(0)

where superscript s is the index of substructures and subscripts
i and j are the indices of the variables correspondingto the internal
degrees of freedom (DOFs) and interface DOFs, respectively. In
Eq.(1),m},, c;,,and k, (a,b =i, j; s =1, 2) are the mass matrix,
damping matrix, and stiffness matrix partitions corresponding to
the internal/external DOFs. The nonsymmetric damping matrix is
allowed in this research as in the case of damped structures with
Coriolis effects, e.g., rotating helicopter rotor systems. Also, f;
and f; are the external forces acting on the internal DOFs x; and
the interface DOFs x}, respectively. Here, f7, is the interface force
satisfying

fh+fh=0 2)

By rewriting the governing equation (1) and the equilibrium equa-
tion (2) of the interface forces in state-space form, we have

A ALY B B 1Ly Fi (0 F, ()
(32)
FL+ F2 =0 (3b)

s s s
A = |: Cab mabi| B = |:k“b i|
ab T | _ 08 ’ ab — s
mab 0 mab

x; £ £
S: FS: F.Y:
Yo [x} “ [0} & [0

The fixed interface modes are usually defined as one set of the
independent bases of the lower invariant subspace of the interface-
fixed substructure.In this Note, the orthogonalbases of the invariant
subspace of the interface fixed substructures are adopted, i.e., the
invariant subspace of the following eigenproblem:

where

ALY+ BLYS =0 )



